In this paper we focus on the gravitational thermodynamics of the far future. Cosmological observations suggest that most matter will be diluted away by the cosmological expansion, with the rest collapsing into supermassive black holes. The likely future state of our local universe is a supermassive black hole slowly evaporating in an empty universe dominated by a positive cosmological constant. We describe some overlooked features of how the cosmological horizon responds to the black hole evaporation. The presence of a black hole depresses the entropy of the cosmological horizon by an amount proportional to the geometric mean of the entropies of the black hole and cosmological horizons. As the black hole evaporates and loses its mass in the process, the total entropy increases obeying the second law of thermodynamics. The entropy is produced by the heat from the black hole flowing across the extremely cold cosmological horizon. Once the evaporation is complete, the universe becomes empty de Sitter space that (in the presence of a true cosmological constant) is the maximum entropy thermodynamic equilibrium state. We propose that flat Minkowski space is an improper limit of this process which obscures the thermodynamics. The cosmological constant should be regarded not only as an energy scale, but also as a scale for the maximum entropy of a universe. In this context, flat Minkowski space is indistinguishable from de Sitter with extremely small cosmological constant, yielding a divergent entropy. This introduces an unregulated infinity in black hole thermodynamics calculations, giving possibly misleading results.
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Introduction. Our universe appears to have a small positive cosmological constant [1] [2] [3] . Although this has had little effect on the past evolution of the universe, it will completely dominate the cosmological future [4] . Matter will stream outwards through the cosmological horizon, leaving behind only the gravitationally bound part of our local universe. In due time, nothing will be left but supermassive black holes, slowly evaporating by Hawking radiation [5] . The future will asymptote to de Sitter space, the spacetime of a universe containing nothing but a positive cosmological constant.
This bleak future is actually very interesting from the perspective of gravitational thermodynamics. The cosmological horizon absorbs the matter and radiation that streams through it, and grows in response. The entropy of the horizon is given by its area [6, 7] , so the cosmological horizon is producing entropy by absorbing the contents of the universe. If the cosmological constant is a true constant, then de Sitter spacetime is the final equilibrium state of our universe. The emptying of the universe is the approach to this equilibrium state.
We will model this process by the slow evaporation of a single non-spinning supermassive black in a de Sitter background. We will present some interesting features that we believe have been overlooked. In particular, we argue that de Sitter is a better background than the flat Minkowski spacetime for understanding gravitational thermodynamics. Minkowski space is typically considered to have zero entropy, but we take the alternative view that Minkowski is a limit of de Sitter as the cosmological constant goes to zero. In this limit, the entropy of the spacetime is infinite, which introduces an unregulated infinity into the calculation.
In the de Sitter background, the gravitational effect of the black hole shrinks the area of the cosmological horizon. The fractional change in the area is small because the black hole horizon is small compared to the cosmological horizon. But the change in the area, and therefore the entropy, of the cosmological horizon is very large compared to the entropy of the black hole. Also, the Hawking temperature of the cosmological horizon is very small even compared to the black hole temperature, leading to the large production of entropy as heat flows across it. The presence of a black hole depresses the entropy of de Sitter, but the entropy rises as the black hole evaporates into the freezing cosmological horizon surrounding it. The thermodynamics of black hole evaporation is less clear in flat Minkowski spacetime, where the decrease in the gravitational entropy of the black hole forever remains in the outgoing Hawking radiation. In de Sitter, the increase in entropy can be calculated directly from the horizon areas, or seen as the result of heat flowing across the temperature difference between the two horizons.
Temperature and Entropy in de Sitter. The existence of a cosmological constant is the simplest explanation for the accelerating expansion of the universe. In the past, the density of radiation and matter have dominated that of the cosmological constant, but the expansion of the universe dilutes the densities of radiation and matter while not affecting the cosmological constant. The cosmological constant will eventually completely dominate the density of the universe on cosmological scales, leading to an exponential expansion and a cold, nearly empty universe. The cosmological metric describing an empty universe with a cosmological constant is
with scale factor a(t) = e Ht and H = Λ/3, where H is the Hubble parameter and Λ is the cosmological constant. The metric can also be written in static coordinates as
We will refer to r as the radius, although it is more properly referred to as the areal radius; it does not measure distance from the origin, but the area of a sphere concentric with the origin is 4πr 2 . In the static slicing, it is clear that there is a horizon at r = 3/Λ. This has a thermodynamic interpretation; a horizon has entropy given by one-quarter the horizon area. For the de Sitter cosmological horizon,
Likewise, the temperature is related to the surface gravity of the horizon. There is a normalization issue that we will consider later, but for now we quote the standard result [8]
Throughout this paper, we will use units where G =h = c = k B = 1, but we will give an example in physical units.
The Flat Space Limit. Consider the limit as Λ goes to zero. The metric becomes the Minkowski metric of flat spacetime. On physical grounds, flat spacetime is nearly indistinguishable from one with a very small cosmological constant. The entropy and temperature of Minkowski spacetime should then be those of de Sitter in the limit of very large horizon size. In this limit, the temperature is zero, which is not surprising. However, in the same limit the entropy diverges. This is very different from the typical assumption that because Minkowski space does not have a horizon, it has zero entropy.
It is possible that instead of a true cosmological constant, there is instead a slow-rolling scalar field [9, 10] , whose potential energy has the same effect as Λ. When the field rolls to a lower potential energy, the effective Λ decreases and the entropy increases. Our expectation that scalar fields can roll down their potentials but not up corresponds to the expectation that entropy can increase but not decrease. Cosmic acceleration in this case is attributed to the fact that the universe has not reached its true vacuum state for dynamical reasons. If the true cosmological constant is zero, the end state can be Minkowski space.
If Minkowski space has divergent entropy, then it is not a good background in which to study black hole thermodynamics. Such calculations would have an unregulated infinity in them, giving possibly misleading results. We will now show that the evaporation of a Schwarzschild black hole in de Sitter space has a satisfying thermodynamic interpretation and is quite different from the picture in Minkowski space.
Black Hole Evaporation. We now consider a nonrotating black hole in a universe with a positive cosmological constant [11, 12] . The de Sitter-Schwarzschild metric is
where
For convenience, we use α = 3/Λ to parameterize the cosmological constant; keep in mind that α grows with decreasing Λ. Many of the symmetries of de Sitter spacetime are broken by the presence of the black hole, but there is still a time symmetry which is explicit in the static form of the metric. In addition to the cosmological horizon, there is now a black hole horizon. Each is a sphere where f (r) = 0. There is a third, negative root which we discard. The horizons are roughly at r BH ≈ 2M and r C ≈ α. Making the approximation that M ≪ α, the radii can be expanded as
We can now find the entropies associated with each horizon; each is one-quarter the horizon area. These are
The important feature is that the total entropy S tot increases as the mass of the black hole decreases, because the −2παM term in the cosmological horizon entropy is much larger than S BH . We know that a black hole will emit Hawking radiation and lose mass in the process, eventually evaporating away to nothing. We see that the total entropy will increase in this process, as required by the second law of thermodynamics. We will now consider the thermodynamics in more detail. The temperature of each horizon is T = κ 2π
. The surface gravity κ is defined by
where k is the timelike Killing vector that expresses the time-invariance of the metric. We write
where N is a normalization constant. The static coordinates we are using have problems at the horizons, so we must do the calculation in another coordinate system such as Painlevé-Gullstrand; the result is
The normalization is fixed by requiring that k α k α = −1 at the observer who measures the temperature [11, 13] , so that.
The normalization accounts for the gravitational redshift when comparing the temperatures measured by observers at different radii. In a Minkowski background, N = 1 at asymptotic infinity. The temperatures are
We must reverse the sign of the surface gravity on the cosmological horizon since it is an outer horizon rather than an inner horizon. Note that the surface gravity is evaluated at the relevant horizon, while the redshift is evaluated at the radius of interest. These are the temperatures as measured by static observers, i.e. those that flow along the Killing vector k µ so they remain at a constant value of r. The black hole always has a higher temperature than the cosmological horizon unless the black hole grows to a mass of M = 1 3 √ 3 α, at which point the temperatures are equal but the two horizons merge. We clearly see that this is a non-equilibrium situation because there are two non-equal temperatures. Heat will flow from hot to cold, causing the black hole to evaporate and producing entropy.
We separately consider the changes in entropy of the two horizons. We use the thermodynamic expression
relating the change in entropy δS to the heat absorbed or emitted by the horizon δQ. We model the evaporation of the black hole as a small change in M , with α of course remaining fixed. The luminosity of the black hole is small enough that this quasi-static approximation is reasonable. For a small change δM in the black hole mass, the heat emitted is
where (−g tt ) −1/2 is a redshift factor to give the heat measured by an observer at radius r.
Substituting Eq. (19) into Eq. (18) gives
It is simple to evaluate the left and right-hand sides of Eq. (20) for either the black hole or cosmological horizon, although we omit the algebra. For each horizon, the change in entropy is exactly what is expected from the heat crossing the horizon, δS = T δQ. This holds even without the approximation that M ≪ α, and also holds regardless of the value of r where it is evaluated, since the redshift factors (−g tt ) −1/2 in the heat and the temperature cancel. The black hole horizon loses a small amount of entropy by emitting some heat at a relatively high temperature. The cosmological horizon gains a much larger amount of entropy by absorbing the heat at a lower temperature. It is significant that the normalization constant is determined using only one horizon, which then correctly predicts the entropy production at the other horizon.
We clearly see that black hole evaporation proceeds in the de Sitter background because it leads to an increase in entropy. Heat flows from hot to cold, and the entropy production at each horizon is exactly what is expected from Eq. (18) . This is clearer than the corresponding situation in Minkowski space, where the entropy lost by the black hole is forever left in the form of Hawking radiation. There is of course an intermediate state even in de Sitter where the Hawking radiation is traveling outward toward the cosmological horizon, but this is a short time compared to the evaporation timescale of a supermassive black hole in our universe.
As an example, we can imagine that the Local Supercluster collapses to form a supermassive black hole [4] . The mass of this black hole will be roughly 10 15 M ⊙ [14] , giving a Schwarzschild radius of 300 light years. The cosmological horizon has a radius of 18 billion light years. The entropies are measured in units of Planck area A P l = Ghc −3 ≈ 3 × 10 −102 square light years. The temperature is converted from an inverse distance with a factor hc ≈ 2 × 10 −23 eV light years. In these units, the black hole horizon has an entropy of 10 107 and a temperature 1 of 10 −27 eV, while the cosmological horizon has an entropy 10 122 and a temperature of 10 −34 eV. The entropy produced by the evaporation of the black hole is 10 114 , which is clearly much larger than the entropy of the black hole horizon itself (it is nearly the geometric mean of the two horizon entropies).
Weyl Curvature Hypothesis. We can now make contact with the Weyl Curvature Hypothesis of Penrose [15] , which states that the difference in entropy between the initial and final states of the universe is related to the growth of the Weyl curvature. The beginning of the universe is 1 These are the temperatures without the g −1/2 tt redshift factor included.
likely to have very small Weyl curvature but it grows due to the production of singularities in the late universe. However, the de Sitter metric has zero Weyl curvature but extremely large entropy, so it seems there cannot be a direct relation between Weyl curvature and gravitational entropy. We conjecture that there is a more subtle relation between the Weyl curvature and the gravitational entropy. The Einstein equation relates the Ricci curvature to the cosmological constant and local stress-energy tensor T µν by
This does not determine the full Riemann curvature of the spacetime; the Weyl tensor is free to evolve except for the Bianchi identities, which effectively provide boundary conditions relating Weyl to Ricci and therefore to T µν . The Ricci curvature then roughly plays the role of macroscopic observables, while the entropy comes from coarse-graining over states of the Weyl tensor. For instance, gravitational waves are modes of the Weyl tensor. The effect of the cosmological constant is to not allow gravitational wave modes with very long wavelengths. When a black hole evaporates, the cosmological horizon grows, and it could be that this allows more gravitational wave modes to exist and so increases the number of accessible microstates in the Weyl tensor. This idea needs further development. Discussion and Conclusions. For a fixed value of the cosmological constant, the maximum entropy of the Schwarzschild-de Sitter solution is obtained in empty de Sitter space. The presence of a black hole shrinks the cosmological horizon and depresses the total entropy. Both the black hole and cosmological horizons emit Hawking radiation, but the black hole is hotter so the net flow of energy is outward from the black hole towards the cosmological horizon. The radiation passes through the cosmological horizon, carrying a small amount of entropy away from the black hole. When the radiation crosses the cosmological horizon, the entropy in the radiation disappears from the perspective of an observer between the two horizons. However, by Eq. (18), it is clear that this heat flowing across the much colder cosmological horizon produces much more entropy than was lost by the black hole.
An interesting feature is that the black hole can be replaced by a spherical star with the same mass. The metric external to the star will be the same, so the cosmological horizon will behave exactly the same. There will be no black hole horizon, but if the star loses mass in the form of radiation it will produce entropy as the radiation flows across the cosmological horizon. This suggests that any matter within the horizon depresses the entropy relative to empty de Sitter. Also, the collapse of a massive star to a black hole does increase the total entropy, since a black hole horizon forms (and has larger entropy than the star) but the cosmological horizon is not affected.
Black hole evaporation is a non-equilibrium process, so it produces entropy; the end of the evaporation should correspond to maximum entropy and to the equilibrium state.
There is evidence [16, 17] that empty de Sitter space has the maximum entropy of spacetimes with a fixed cosmological constant. The equilibrium state should in a sense be the most generic state. The equilibrium state of a gas in a box is one where the gas is uniformly distributed and featureless. de Sitter space is maximally symmetric, meaning there is a full set of ten symmetries expressed by Killing vectors (one time and three space translations, three rotations, and three boosts). Minkowski space possesses the same symmetries but does not have the preferred scale that the cosmological constant provides, so it is even more symmetric. The cosmological constant could equally well be regarded as an energy scale or as setting the maximum total entropy of our universe.
If the true cosmological constant is zero, then the maximum entropy state of the universe is Minkowski. The cosmological constant behavior could then be mimicked by a quintessence scalar field [9, 10] with an ultralight mass of ∼ 10 −33 eV that slowly rolls down its potential. Another ultralight scalar field of mass ∼ 10 −23 eV is a possible model for dark matter [18, 19] . This scalar field would have already reached the bottom of its potential and formed dark matter particles that Bose-condensed into the halos around galaxies. Once the dark energy scalar field reaches the final minima of its potential, it could form new particles as well converting a small fraction of the cosmological constant entropy into entropy for the particles. The temperature and entropy of both the dark matter and the quintessence scalar field particles would be interesting from a thermodynamics perspective. In addition, black holes are ineffective dark matter accretors due to the low viscosity of dark matter particles and it is unclear how scalar field entropy would flow into the cosmological horizon. Modeling such a scenario is subject to future work.
